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Resumen-- Los modelos hidrometeoroldgicos para el disefio hidraulico se basan en funciones de probabilidad para modelizar las
precipitaciones extremas. Este estudio compara las funciones Log-Gumbel y Log-Pearson III utilizando datos del embalse de Almoddvar
(Cadiz). Log-Gumbel, una variacion de la distribucion de Gumbel, produce estimaciones mas altas y seguras para periodos de retorno
largos (T), pero es muy sensible a los cambios en los datos. Log-Pearson III, ampliamente utilizada y mas estable, muestra resultados
consistentes a pesar de la variabilidad de los datos. Para disefios con datos limitados o variables -comunes en obras hidraulicas- se
prefiere Log-Pearson II1. Sin embargo, para el drenaje urbano en el que la seguridad tiene prioridad sobre la estabilidad, Log-Gumbel
ofrece una alternativa conservadora para valores de T elevados.

Palabras clave— Modelling; hydrological engineering; precipitation distribution functions; drainage in urban areas.

Abstract— Hydrometeorological models for hydraulic design rely on probability functions to model extreme rainfall. This study
compares Log-Gumbel and Log-Pearson III functions using data from Almodévar reservoir (Cadiz). Log-Gumbel, a variation of the
Gumbel distribution, yields higher, safer estimates for long return periods (T), but is highly sensitive to data changes. Log-Pearson III,
widely used and more stable, shows consistent results despite data variability. For designs with limited or variable data—common in
hydraulic works—Log-Pearson III is preferred. However, for urban drainage where safety is prioritized over stability, Log-Gumbel
offers a conservative alternative for high T values.

Index Terms— Modelizacion; ingenieria hidroldgica; funciones de distribucion de las precipitaciones; drenaje en zonas urbanas.

Thambirajah, 1984) functions, which are commonly used to
I. INTRODUCTION model extreme rainfall (Chow et al, 1988). To do this, we will
XTREME weather events are an issue of current interest to ~ us€ the data available from the Almodovar reservoir weather

society due to their impact on the population and the Stationin the province of Cadiz.

economy. In particular, the focus is on extreme precipitation ~ 1he aim of the present work is to carry out a comparative
events and, more specifically, their modelling (Coronado-  analysis of these 2 distribution functions and select that which

Hernandez et al, 2020; Hossain et al, 2010; Teng et al, 2018). best model the data provided by the weather station, taking into

This work presents a comparative analysis between the Log- ~ account (1) goodness-of-fit tests, (ii) the cumulative probability
Gumbel (Gumbel, 1935; Gumbel, 1941; Heo and Salas, 1996) and return period obtained to establish design flow discharge in
and Log-Pearson I1I (Bobee and Robitaille, 1977; Huynh and hydro-engineering with a conservative approach (Ministerio
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Para la Transicion Ecolégica y el Reto Demografico), and (iii)
best-performance functions for return periods not exceeding 50
years suitable for estimating mean annual sediment yields
(Rodriguez et al, 2022). The goodness-of-fit tests used are the
Kolmogorov—Smirnov test (Maity, 2018) and the chi-square
test (Huang et al, 2008; Wuensch, 2011). The return periods
considered range up to 500 years, which is suitable for most
engineering applications (International Commission of Large
Dams; Watt and Marsalek, 2013). Furthermore, return periods
used to estimate mean interannual sediment yields are up to 50
years, these being the most relevant periods (Mailhot and
Duchesne, 2010; Montes-Pajuelo et al, 2024; Rodriguez et al,
2023).

II. METHODS

In this section we will discuss the weather station from
which the study data set was obtained and the distribution
functions studied.

A.  Weather station and rainfall dataset

Data are available from Almodovar reservoir weather station
located in Cadiz (Andalusia, southern Spain). The annual 24 h
maximum rainfall data were obtained from this station, for
which data are available from 1990 to 2022. Table 1 indicates
the geographical locations of this weather station.

TABLEI
GEOGRAPHICAL COORDINATES OF THE WEATHER STATION.
Latitude Longitude  Elevation Interval  Number of
(m asl) (years) data
36° 09’ 15” -5°39°03” 105 1990-2022 33

Table 2 presents a statistical summary of the annual
maximum 24 h rainfall data set obtained from Almodovar
reservoir weather station.

TABLE II
STATISTICAL VARIABLES OF THE ANNUAL MAXIMUM 24 H RAINFALL
DATA SET
Annual mean Standard Coefficient of Coefficient of
rainfall (mm) Deviation (mm) Variation Skewness

76.30 30.55 0.40 0.68

B. Rainfall probability distribution functions

This section present a summary of the formulation of each
distribution function. Only accumulated frequency distribution
functions and their parameters are explained. In order to fit
distributions, parameters were estimated using one the method
of moments. Log-Gumbel distribution requires numerical
methods for adjustment with regional parameters. To clarify the
equations, the parameters for each function are differentiated
with an individual index for each case.

1) Log-Gumbel distribution.

The log-Gumbel distribution is a continuous probability
distribution of a random variable, defined such that its
logarithmic transformation follows a Gumbel distribution; that
is, if Y = In(X) follows a Gumbel distribution, then X follows a
log-Gumbel distribution. It is a particular case of the Fréchet

function (extreme value distribution type II) with a position
parameter equal to zero (Heo and Salas, 1996). The log-Gumbel
distribution is commonly used in rainfall analysis, as
precipitation data tend to fit this distribution better after a
logarithmic transformation. This is particularly useful for
analysing extreme rainfall events, such as high or very low
rainfall.

The log-Gumbel cumulative distribution function is:
—(n®-p)
F(x)=e® * , x>0 (1)
where o > 0 and f are the scale and location parameters,
respectively. To fit the curve, using the method of moments, we
obtain the following equations:
S,I'(1—a)

JIr(1—2a) —r2(1 - a)
X
#= (=) ©

where x and S,, are the sample mean and standard deviation,
respectively, and I' is the gamma function. Equation (2) can be
solved using a numerical method (e.g., the Newton—Raphson
method) to obtain an estimate of the scale parameter a. An
estimate of the location parameter B is then obtained using
Equation (3).

2) Log-Pearson IlI distribution.

The log-Pearson type III distribution is a continuous
probability distribution of a random variable whose log
transformation follows a Pearson type III distribution; that is, if
Y = In(X) follows a Pearson type III distribution, then X follows
a log-Pearson type III distribution (Pearson, 1984). It is used in
hydrology for frequency analysis. If the observations present a
very high positive skew, then the log-Pearson type III
distribution is suitable for modelling. This logarithmic
transformation reduces the skewness and can even transform
positively skewed data into negatively skewed data (Maity,
2018).

Its cumulative distribution function is given by:

X
1 In(t) — x a_le_(ln(t)_xo)/ﬁ
J (In(t) — xo) a, * @
Bl () t > e%o
exo
where @ > 0, 8 > 0, and x,, are the shape, rate, and threshold
parameters, respectively, and I” is the gamma function.
The method of moments is used to fit the distribution to the

curve, thus obtaining the parametric estimate. If z = In(x) is the
logarithmic transformation of the sample, then

X =

2

F(x) =

a= L %)
Cé(2)
_ C(2)S,
Xo=Z— — (7
Cs(2)

where Z, S,, and C4(z) are the mean, standard deviation, and
skewness coefficient of the log transformation of the sample,
respectively.
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III. RESULTS

In this section we will discuss parameter estimation,
goodness-of-fit tests and cumulative distribution function
frequency analysis. All calculations (parameters calculation,
goodness-of-fit tests, graphs, etc.) have been performed using
R software (version 4.3.2.) (R Core Team).

A. Parameters calculation and goodness-of-fit tests

Applying equations (1)-(7) to the recorded annual maximum
24-hour rainfall series for the period 1990-2022, the equations
for the case studied were obtained. The parameters of each
probability distribution function are given in Table 3.

TABLE III
ADJUSTED PARAMETER VALUES.
Log- a=0.23983 p =4.14231
Gumbel
Log- a=26784.68 f =0.00244 x,=-61.16749

Pearson I11

Kolmogorov—Smirnov and chi-square tests were conducted
to evaluate the goodness-of-fit of the 2 selected probability
distribution functions with respect to the calculated plotting

positions through the Weibull formula: F(x;) =ﬁ, i=

1,..,n (where x; are the data occupying position i after
incremental sorting of data, and n is the total number of data).
From these goodness-of-fit tests, we obtained the p-value, that
is, the smallest value of the significance level («) at which the
hypothesis that the distributions fit the data is rejected. In this
study, the significance level was set to 0.05; thus, the hypothesis
was accepted if the p-value was greater than 0.05 and rejected
otherwise. As can be seen in Table 4, both distribution functions
fit the sample, but the log-Pearson 3 distribution function
performs better in both tests.

TABLEIV
KOLMOGOROV-SMIRNOV AND CHI-SQUARE TEST P-VALUES
Log- Log-
Gumbel Pearson III
Kolmogorov-Smirnov p- 0.3789 0.9946
value
Chi-square p-value 0.0977 0.4706

In Figure 1, we can see graphically the fit of the curves to the
data where the Weibull formula has been used for the empirical

distribution.
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Fig. 1. Cumulative probability versus precipitation depth for the probability
distribution functions.

B. Cumulative distribution function frequency analysis

The return period (7) can be defined as the average time lapse
for an event of a given magnitude to be equalled or exceeded in
a statistical sense, for example, when the average period that
must elapse before the maximum annual value of the daily
precipitation depth at a given geographical point is equalled or
exceeded.

Let X be the random variable representing the annual
maximum 24 h rainfall and F be its cumulative distribution
function. Suppose a certain rainfall event whose precipitation
depth value is x mm occurs. Then, 1 — F(x) is the probability
that the event will be exceeded in a year. If we now consider the
random variable representing the number of years until this
event is exceeded (7), it is easy to see that T follows a geometric
distribution with parameter 1 — F(x). Thus, the return period
(T) for this rainfall event will be the mean of t; that is,

_ 1
T=T_—1—F(x) ®)
From Equation (8), we obtain
1
=F-1 —_— 9
x=F (1 T) )

which represents the precipitation depth as a function of the
return period.

Equation (9) was used for the cumulative distribution
functions examined. Figure 2 show the application of this
equation for 7 from 1.2 to 500 years.

In hydraulic, hydrological and sedimentological engineering,
one of the most well-established criteria for decision-making is
based on adopting those predictions that are on the safe or
conservative side. For example, choose the prediction of those
functions that provide the highest values of precipitation depth
given a return period value.

For some type of hydraulic infrastructure, the distribution
that gives a greater precipitation depth for high return period
values (T > 100 years) is preferred. In this case, it can be seen
in the previous figure that the log-Gumbel function performs
better, but it can also be seen that it has high sensitivity. For this
reason, its use is discouraged as, due to its sensitivity, it can
produce results with large variations when new data are added,
thus distorting them in one direction or another.

In the case of calculating the mean interannual sediment
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Fig. 2. Precipitation depth against return period for the probability distribution
functions and T from 1.2 to 500 yearsdistribution functions.
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yield, the function that gives a greater precipitation depth for
low return period values (T < 50 years) is preferred. In this case,
it can be seen in the previous figure that the log-Pearson
function is the one that gives values on the conservative side.

IV. CONCLUSIONS

In this work, a comparative analysis of the Log-Gumbel and
Log-Pearson III distribution functions has been carried out,
with the following conclusions:

Both functions had performed well in the goodness-of-fit
tests (with log-Pearson III distribution noticeably better).

For high return period values (T > 100 years), the log-
Gumbel function performs better, but it has a high sensitivity,
so its use is not recommended (if sensitivity is of interest).

For low return period values (T < 50 years), the log-Pearson
III function is preferred.
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